Abstract. The known Holstein-Primakoff and Dyson realizations for the Lie algebras gl(n + 1), n = 1, 2, . . . in terms of Bose operators (Okubo, S.: J. Math. Phys. 16, 528 (1975)) are generalized to the class of the Lie superalgebras gl(m/n + 1) for any n and m. Formally the expressions are the same as for gl(m + n + 1), however both Bose and m Fermi operators are involved.
realizations to Z 2 -graded algebras may be of interest too.
We recall the H-P realization of gl(n + 1). The Weyl generators E AB , A, B = 1, . . . , n + 1 of gl(n + 1) satisfy the commutation relations:
[E AB , E CD ] = δ BC E AD − δ AD E CD .
( 
Then for any nonnegative integer p, p ∈ Z + , the H-P realization π of gl(n + 1) is defined on the generators as follows [4] :
π(E i,n+1 ) = b
(3a) only gives the known Jordan-Schwinger (J-S) realization of gl(n) in terms of n pairs of Bose CAOs.
Therefore the H-P (and also the D) realizations are "more economical" than the J-S realization: they allow one to express the higher rank algebra gl(n + 1) also through n pairs of Bose CAOs.
Let us fix some notation. Unless otherwise stated A, B, C, D = 1, 2, . . . , m + n + 1 and
We proceed to define gl(m/n + 1) in a representation independent form. Let U be the (free complex) associative unital (= with unity) algebra of the indeterminants {E AB |A, B = 1, . . . , M + 1} subject to the relations
Introduce a Z 2 -grading on U , induced from
Then U is an (infinite-dimensional) associative superalgebra, which is also a Lie superalgebra (LS) with respect to the supercommutator [[ , ] ] defined between every two homogeneous elements x, y ∈ U as
Its finite-dimensional subspace
gives the Lie superalgebra gl(m/n + 1); U = U [gl(m/n + 1)] is its universal enveloping algebra. The relations (4) are the supercommutation relations on gl(m/n + 1):
One can certainly define gl(m/n+1) in its matrix representation. In that case E AB is a (m+n+1)×(m+n+1) matrix with 1 on the intersection of the A th row and B th column and zero elsewhere.
The Dyson and the Holstein-Primakoff realizations are different embedings of gl(m/n + 1) into the algebra W (m/n) of all polynomials of m pairs of Fermi CAOs and n pairs of Bose CAOs. The precise
Then W (m/n) is the associative unital superalgebra of all A ± i , subject to the relations
With respect to the supercommutator (7) W (m/n) is also a Lie superalgebra.
From (11) 
is an isomorphism of gl(m/n + 1) into W (m/n) for any number p.
Proof. The images ϕ(E AB ) are linearly independent in W (m/n). It is straighforward to verify that they preserve the supercommutation relations (9),
In the intermidiate computations the following relation is useful
The Dyson realization defines an infinite-dimensional representation of gl(m/n + 1) (for m > 0) in the Fock space F (m/n) with orthonormed basis
Let |K) ±i (resp. |K) i,−j ) be a vector obtained from |K) after a replacement of k i with k i ± 1 (resp.
. The transformations of the basis (15) under tha action of the CAOs read:
As a consequence one obtains the transformations of the gl(m/n + 1) module F (m/n):
If p is not a positive integer, p / ∈ N, F (m/n) is a simple gl(m/n + 1) module. For any positive integer p, p ∈ N, the representation of gl(m/n + 1) in F (m/n) is indecomopsible. The subspace
is an infinite-dimensional subspace, invariant with respect to gl(m/n + 1). The factor spaces
are finite-dimensional irreducible gl(m/n + 1)−modules.
The advantage of the Dyson realization (12) is its simplicity. Its disadvantage -the Fock representation of gl(m/n + 1) is not unitarizable. The latter, the representation to be unitarizable, is usually required for physical reasons. We recall that a representation ϕ of a (super)algebra L in a Hilbert space V is unitarizable with respect to an antilinear antiinvolution ω : L → L and a scalar product ( , ) in V , if
The Dyson representation in F (m/n) is not unitarizable with respect to the "compact" antiinvolution
The factor-modules F 0 (p; m/n), p ∈ N, however do carry unitarizable representations for any p ∈ N. In order to show this it is convenient to introduce a new basis within each F 0 (p; m/n), which we postulate to be orthonormed:
In this basis the transformation relations (17) read:
It is straightforward to check that (20) 
is an isomorphism of gl(m/n + 1) into W (m/n) for any positive integer p.
Proof. Acting with the gl(m/n + 1) generators on the basis (15) one obtaines the same transformation relations (23) with the only difference that everywhere in (23) |K have to be replaced with |K). The proof can be carried out also purely algebraicaly, using the supercommutation relations (11) . To this end the following formula is useful:
where f (z) is any (analitical) function in z.
The representation π is defined in the entire Fock space. Observe that with respect to π(E AB ), A, B = 1, . . . , M + 1, the Fock space resolves into a direct sum of two invariant (and moreover irreducible) subspaces (which was not the case with the Dyson representation):
This propertiy is due to the factors p − Its restriction to sl(m/1) coincides with the results announced in [1] .
Let us note in conclusion that explicit expressions for all finite-dimensional irreducible representations of gl(m/1) and a large class of representations of gl(m/n + 1) are available [12] . They have been generalized also to the quantum case [13] . The formulae are however extremely involved. The Dyson and the HolsteinPrimakoff representations lead to a small part of all representations. Their description is however simple and it is given in familiar for physics Fock spaces.
